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Abstract. In this paper, we investigate the change of Finslr metrics

L(x, y) −→ L(x, y) = f(eσ(x)L(x, y), β(x, y)),

which we refer to as a generalized β-conformal change. Under this change, we study
some special Finsler spaces, namely, quasi C-reducible, semi C-reducible, C-reducible,
C2-like, S3-like and S4-like Finsler spaces. We obtain some characterizations of the
energy β-change, the Randers change and the Kropina change. We also obtain the
transformation of the T-tensor under this change and study some interesting special
cases. We then impose a certain condition on the generalized β-conformal change,
which we call the b-condition, and investigate the geometric consequences of such
a condition. Finally, we give the conditions under which a generalized β-conformal
change is projective and generalize some known results in the literature.
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Introduction

Throughout, M is an n-dimensional C∞ differentiable manifold and F n = (M,L)
a Finsler space equipped with the fundamental function L(x, y) on TM .

Finsler geometry was first introduced by Finsler himself, to be studied by many
eminent mathematicians for its theoretical importance and applications in the vari-
ational calculus, mechanics and theoretical physics. Moreover, the dependence of
the fundamental function L(x, y) on both the positional argument x and directional
argument y offers the possibility to use it to describe the anisotropic properties of
the physical space. For a differential one-form β(x, dx) = bi(x)dx

i on M , Randers
[17], in 1941, introduced a special Finsler space with the Finsler change L = L + β,
where L is Riemannian, to consider a unified field theory (L =

√
aijyiyj, aij being the

gravitational tensor field and bi(x) the electromagnetic potential). Masumoto [11],
in 1974, studied Randers and generalized Randers changes in which L is Finslerian.
Kropina [8] introduced the change L = L2/β, where L is Riemannian. This change
has been studied by other authors such as Shibata [18] and Matsumoto [9]. Randers
and Kropina changes are closely related to physical theories and so Finsler spaces
with these metrics have been investigated by many authors, from various approaches
in both the physical and mathematical aspects ([3], [11],[20], [22], [23], [24], [26]).
Randers change was also applied to the theory of the electron microscope by R. S.
Ingarden [6]. Moreover, there is some relation between the Kropina metric and the
Lagrangian function of analytic dynamics [18]. In 1984, Shibata [19] considered the
general case of any β-change, that is, L = f(L, β), thus generalizing many changes in
Finsler geometry ([11], [18]). In this context, he studied some special Finsler spaces,
such as C-reducible and S4-like, under Randers change.

On the other hand, in 1976, Hashiguchi [4] studied the conformal change of
a Finsler metric, namely, L = eσ(x)L. In particular, he also dealt with the special
conformal transformation named C-conformal. This change has been studied by Izumi
[7] among others. In 2008, Abed ([1], [2]) introduced the change L̄ = eσ(x)L + β,
which he called a β-conformal change, thus generalizing the conformal, Randers and
generalized Randers changes. Moreover, he studied some special Finsler space under
this change such as C-reducible, S3-like and S4-like.

In [25], the present authors introduced and investigated the more general change
of Finsler metrics:

L(x, y) → L = f(eσ(x)L(x, y), β(x, y)) = f(L̃, β),

where L̃ = eσ(x)L and f is a positively homogeneous function of L̃ and β of degree one.
They obtained the difference between Cartan connection associated with (M,L) and
Cartan connection associated with (M,L), also, they established some interesting
results and computed the torsion and curvature tensors of the transformed space
(M,L) for the four fundamental connections in Finsler geometry. This change is
referred to as a generalized β-conformal change. It is clear that this change is a
generalization of all the above mentioned changes and deals simultaneously with β-
change and conformal change. It combines both cases of Shibata (L = f(L, β)) and
that of Hashiguchi (L = eσL).

In this paper, we continue our investigation of the generalized β-conformal change.
Under this change, we study some special Finsler spaces, compute the transformed
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T-tensor, introduce what we call b-condition and study when this change becomes
projective.

The present paper is organized as follows. In section 1, we introduce the necessary
material and background required for the present work. In section 2, we deal with
some special Finsler spaces under a generalized β-conformal change, namely, quasi
C-reducible, Semi C-reducible, C-reducible, C2-like, S3-like and S4-like. In section 3,
we compute the T-tensor of the transformed space under a generalized β-conformal
change and study some interesting special cases. In section 4, we impose a certain
condition on the generalized β-conformal change, which we call the b-condition, and
investigate the geometric consequences of such a condition. Finally, in section 5, we
give the conditions under which a generalized β-conformal change is projective and
generalize some known results in the literature.

1. Notations and preliminaries

Throughout the present paper we use the terminology and notations of [25]. Let
(M,L) be an n-dimensional C∞ Finsler manifold; L being the fundamental Finsler
function. Let (xi) be the coordinates of any point of the base manifold M and (yi) a
supporting element at the same point. We use the following notations:
∂i: partial differentiation with respect to xi,
∂̇i: partial differentiation with respect to yi (basis vector fields of the vertical bundle),
gij :=

1
2
∂̇i∂̇jL

2 = ∂̇i∂̇jE: the Finsler metric tensor; E := 1
2
L2: the energy function,

li := ∂̇iL = gijl
j = gij

yj

L
: the normalized supporting element; li := yi

L
,

lij := ∂̇ilj ,
hij := Llij = gij − lilj : the angular metric tensor,
Cijk :=

1
2
∂̇kgij =

1
4
∂̇i∂̇j ∂̇kL

2: the Cartan tensor,

Gi: the components of the canonical spray associated with (M,L),
N i

j := ∂̇jG
i: the Barthel (or Cartan nonlinear) connection associated with (M,L),

δi := ∂i −N r
i ∂̇r: the basis vector fields of the horizontal bundle,

Gi
jh := ∂̇hN

i
j = ∂̇h∂̇jG

i: the coefficients of Berwald connection,

C i
jk := griCrjk =

1
2
gir∂̇kgrj: the h(hv)-torsion tensor,

γi
jk :=

1
2
gir(∂jgkr + ∂kgjr − ∂rgjk): the Christoffel symbols with respect to ∂i,

Γi
jk :=

1
2
gir(δjgkr + δkgjr − δrgjk): the Christoffel symbols with respect to δi,

(Γi
jk, N

i
j , C

i
jk): The Cartan connection CΓ.

For a Cartan connection (Γi
jk, N

i
j , C

i
jk), we define

X i
j|k := δkX

i
j +Xm

j Γi
mk −X i

mΓ
m
jk: the horizontal covariant derivative of X i

j,

X i
j|k := ∂̇kX

i
j +Xm

j C i
mk −X i

mC
m
jk: the vertical covariant derivative of X i

j.

Let F n = (M,L) be an n-dimensional Finsler space with a fundamental function
L = L(x, y). Consider the following change of Finsler structures, which will be called
a generalized β-conformal change,

L(x, y) → L(x, y) = f(eσ(x)L(x, y), β(x, y)) = f(L̃, β), (1.1)

3



where f is a positively homogeneous function of degree one in L̃ = eσL and β and
β = bi(x)dx

i. Assume that F
n
= (M,L) has the structure of a Finsler space. Entities

related to F
n
will be denoted by barred symbols.

We define

f1 :=
∂f

∂L̃
, f2 :=

∂f

∂β
, f12 :=

∂2f

∂L̃∂β
, · · · etc.,

where L̃ = eσL. We use the following notations:

q := ff2, p := ff1/L,

q0 := ff22, p0 := f 2
2 + q0,

q−1 := ff12/L, p−1 := q−1 + (pf2/f),

q−2 := f(eσf11 − (f1/L))/L
2, p−2 := q−2 + (eσp2/f 2).

Note that the subscript under each of the above geometric objects indicates the degree
of homogeneity of that object. We also use the notations:

mi := bi − (β/L2)yi 6= 0, p02 :=
∂p0
∂β

.

Proposition 1.1. Under a generalized β-conformal change, we have:

(a) li = eσf1li + f2bi,

(b) hij = eσp hij + q0mimj,

(c) gij = eσp gij + p0 bibj + eσp−1(biyj + bjyi) + eσp−2 yi yj.

(d) The inverse metric gij of the metric gij is given by

gij = (e−σ/p)gij − s0b
ibj − s−1(y

ibj + yjbi)− s−2y
iyj,

where

s0 : = e−σf 2q0/(εpL
2), s−1 := p−1f

2/(p εL2), s−2 := p−1(e
σm2pL2 − b2f 2)/(εpβL2),

ε := f 2(eσp+m2q0)/L
2 6= 0, m2 = gijmjmi = mimi 6= 0, bi = gijbj.

Remark 1.2. The quantities s0 , s−1 , s−2 satisfy:

βs0 + L2s−1 = q/ε,

b2s−1 + βs−2 = eσp−1m
2/ε.

Let Ci = Cijkg
jk, C i = C i

jkg
jk and C2 = C iCi. Then, we have

Proposition 1.3. Under a generalized β-conformal change, we have

(a) The Cartan tensor C ijk has the form

C ijk = eσpCijk + Vijk, (1.2)
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(b) The (h)hv-torsion tensor C
l

ij has the form

C
l

ij = C l
ij +M l

ij , (1.3)

where
Vijk :=

eσp−1

2
(hijmk + hjkmi + hkimj) +

p02
2
mimjmk, (1.4)

M l
ij :=

1

2
(e−σml/p−m2(s0b

l + s−1y
l))(p02mimj + eσp−1hij)

−eσ(s0b
l + s−1y

l)(pCijβ + p−1mimj) +
p−1

2p
(hl

imj + hl
jmi),

and hi
j = gilhlj, Cijβ := Cijrb

r, Ciββ := Cijkb
jbk and so on.

(c) C i = Ci − eσp s0Ciββ + λmi,

where λ :=
(n+ 1)p−1

2p
−

3eσp−1m
2s0

2
+

p02m
2

2(eσp+ q0m2)
,

(d) C
i
=

e−σ

p
C i + J i,

where J i :=
λe−σ

p
mi − s0C

i
ββ − (Cβ + λm2 − eσs0pCβββ)(s0b

i + s−1y
i), Cβ := Cib

i.

(e) C
2
=

e−σ

p
C2 + Φ,

where Φ := λ2m2((e−σ/p)− s0m
2) + Cβ((2λe

−σ/p)− s0(1 + 2λm2))

+s0Cβββ(1− 3λ+ eσs0pCβ)

+s0Crββ(e
2σs20p

2Cβββb
r − λs0m

2br − eσs0pC
r
ββ − 2Cr).

Proposition 1.4. Under a generalized β-conformal change, the v-curvature tensor
of (M,L) is transformed as follows:

Slijk = eσpSlijk + Ajk{Hlkhij +Hijhlk + ωlkCijβ + ωijClkβ},

where

Hij : = K1mimk +K2Cijβ +K3hij , ωij := K4mimj −
1

2
e2σp2s0Cijβ,

K1 : =
e2σp2−1

4p
(e−σ − 2s0pm

2) +
eσp−1p02m

2

4(eσp+ q0m2)
, K2 :=

eσp−1

2
−

1

2
e2σs0p p−1m

2,

K3 : =
e2σp2−1m

2

8(eσp+ q0m2)
, K4 :=

eσpp02
2(eσp+ q0m2)

− e2σs0p p−1.

Remark 1.5.
The tensors Hij and ωij defined above have the following properties:

(1) Hij and ωij are symmetric.

(2) Hij and ωij are indicatory: Hijy
i = 0, ωijy

i = 0.
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(3) gijHij = K1m
2 +K2Cβ + (n− 1)K3 and gijωij = K4m

2 − 1
2
e2σs0p

2Cβ.

Proposition 1.6. Under a generalized β-conformal change, the vertical Ricci tensor
Sik and the vertical scalar curvature S associated with the transformed space (M,L)
are given by:

Sik = Sik +Khik +

(
s0m

2 −
e−σ

(n− 3)p

)
Hik +Ψik,

S =
e−σ

p
S +

2e−σ

p
K{(n− 2)− eσps0m

2} − s0Ψββ +
e−σ

p
Ψ− s0Sikb

ibk,

where

K := s0Hββ −
e−σ

p
(K1m

2 +K2Cβ + (n− 1)K3),

Ψik :=
e−σ

p
{ωrkC

r
iβ + ωriC

r
kβ − (K4m

2 −
1

2
e2σs0p

2Cβ)Cikβ} − s0{Hβkmi +Hiβmk

+ωβkCiββ + ωiβCkββ − ωββCikβ − ωikCβββ + eσpShijkb
hbj},

Hββ := Hijb
ibj , ωββ := ωijb

ibj , Ψ := Ψijg
ij, Ψββ := Ψijb

ibj .

Note that the tensor Ψij is symmetric and indicatory.

2. Special Finsler spaces

In this section we will investigate the effect of the generalized β-conformal change
(1.1) on some special Finsler space. Some of the results obtained in this section are
generalizations of known results and some are new. For a systematic study of special
Finsler spaces, we refer to [27].

In what follows, let (M,L) be a Finsler manifold and (M,L) the transformed
Finsler manifold under a generalized β-conformal change. The geometric objects
associated with (M,L) will be denoted by barred symbols.

Theorem 2.1. For n > 2, under a generalized β-conformal change, the following
assertions are equivalent

(a) p−1 = 0.

(b) q = kβ; k is a nonzero constant.

(c) C ijk = eσpCijk.

(d) L = (k′e2σL2 + kβ2)
1

2 ; k′ is a nonzero constant.

The special β-conformal change (d) is referred to as an energy β-change [28].

Proof.

(a) ⇒(b): Let p−1 = 0, then
ff12
L

+
pf2
f

= 0 which leads to ff12 + f1f2 = 0, hence,

∂

∂L̃
(ff2) = 0. By integration, taking the homogeneity of f into account, we get
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q = kβ, with k 6= 0.

(b)⇒(c): Let q = kβ, then
∂

∂L̃
(ff2) = ff12 + f1f2 = 0, which leads to p−1 = 0.

Using βp0 + eσL2p−1 = q, we get βp0 = q. By differentiating the last identity with
respect to β, we have

βp02 + p0 = f 2
2 + ff22 = p0,

which leads to p02 = 0. Hence, by (1.4) Vijk = 0 and, consequently, C ijk = eσpCijk.

(c)⇒(d): Let Vijk = 0, then

eσp−1(hijmk + hjkmi + hkimj) + p02mimjmk = 0.

By contraction by bi, we have

eσp−1(2mjmk +m2hjk) + p02m
2mjmk = 0. (2.1)

Contracting (2.1) again by bj , we get 3eσp−1 = m2p02. Hence, (2.1) reduces to
p−1(m

2hjk − mjmk) = 0, which leads to p−1 = 0 or m2hjk − mjmk = 0. Now, if
m2hjk −mjmk = 0, then, n = 2 which contradicts the hypothesis. Hence, p−1 = 0,
and consequently, q = kβ. Then, we have the partial differential equation

ff2 = kβ.

By integration with respect to β and using the fact that f is homogenous of degree
1 in β and L̃, we get

f 2 = kβ2 + ϕ(L̃),

where ϕ(L̃) is a homogenous function of degree 2 in L̃, which may be written as

ϕ(L̃) = k′L̃2. Hence, f 2 = kβ2 + k′L̃2 and consequently,

L = (k′L̃2 + kβ2)
1

2 = (k′e2σL2 + kβ2)
1

2 .

(d)⇒(a): It is obvious.

Corollary 2.2. For n > 2, under a generalized β-conformal change, if one of the
above equivalent conditions holds, then the space (M,L) is Riemannian if and only if
(M,L) is Riemannian.

We will study the change of some special Finsler spaces under a generalized β-
conformal change.

Definition 2.3. A Finsler space (M,L) with dimension n ≥ 3 is said to be quasi-C-
reducible if the Cartan tensor Cijk satisfies

Cijk = QijCk +QjkCi +QkiCj, (2.2)

where Qij is a symmetric indicatory tensor.
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By Proposition 1.3, assuming λ 6= 0, we have

C ijk = eσpCijk +
eσp−1

2
(hijmk + hjkmi + hkimj) +

p02
2
mimjmk

= eσpCijk +
1

6
Sijk{(3e

σp−1hij + p02mimj)mk}

= eσpCijk +
1

6λ
Sijk

{
(3eσp−1hij + p02mimj)(Ck − Ck + eσps0Ckββ)

}

= eσpCijk +
1

6λ
Sijk

{
(3eσp−1hij + p02mimj)Ck

}

+
1

6λ
Sijk {(3e

σp−1hij + p02mimj)(e
σps0Ckββ − Ck)} .

Hence, we have

Lemma 2.4. Under a generalized β-conformal change, the transformed Cartan tensor
can be written in the form

C ijk = Sijk

{
QijCk

}
+ qijk,

where Qij :=
1
6λ
(3eσp−1hij + p02mimj),

qijk :=
1

6λ
Sijk {2e

σλpCijk + (3eσp−1hij + p02mimj)(e
σps0Ckββ − Ck)} .

By the above lemma and taking into account that the tensor Qij is symmetric
and indicatory, we get the following result.

Theorem 2.5. If the tensor qijk = 0, then the space (M,L) is quasi-C-reducible.

As a corollary of the above theorem, we obtain a generalized form of Matsumoto’s
result [14]:

Corollary 2.6. Under a generalized β-conformal change, a Reimannian space (M,L)
is transformed to a quasi-C-reducible space.

Definition 2.7. A Finsler space (M,L) of dimension n ≥ 3 is called semi-C-reducible,
if the Cartan tensor Cijk is written in the form:

Cijk =
r

n + 1
(hijCk + hkiCj + hjkCi) +

t

C2
CiCjCk, (2.3)

where r and t are scalar functions such that r + t = 1.

The next result has been obtained by Matsumoto and Shibata [16] in the special
case of Finsler spaces with (α, β)-metric.

Theorem 2.8. A Riemannian space is transformed to a semi-C-reducible space, by
a generalized β-conformal change.
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Proof. From Proposition 1.1 and Proposition 1.3, we get

C ijk =
1

2
eσp−1(hijmk + hjkmi + hkimj) +

1

2
p02mimjmk

=
p−1

2pλ
(hijCk + hjkC i + hkiCkj) +

m2(pp02 − 3p−1q0)

2pλ(eσp+m2q0)C
2CiCjCk

=
r

n+ 1
(hijCk + hjkC i + hkiCkj) +

t

C
2C iCjCk,

where

r =
p−1(n+ 1)

2pλ
, t =

m2(pp02 − 3p−1q0)

2pλ(eσp+m2q0)
, r + t = 1,

which means that (M,L) is semi-reducible.

Definition 2.9. A Finsler space (M,L) of dimension n ≥ 3 is called C-reducible if
the Cartan tensor Cijk has the form:

Cijk = hijAk + hkiAj + hjkAi, Ai =
Ci

n+ 1
. (2.4)

Define the tensor

Kijk = Cijk − (hijAk + hkiAj + hjkAi).

It is clear that Kijk is symmetric and indicatory. Moreover, Kijk vanishes if and
only if the Finsler space (M,L) is C-reducible.

Proposition 2.10. Under a generalized β-conformal change, the tensor K ijk associ-
ated with the space (M,L) has the form

Kijk = eσpKijk + dijk,

where

dijk :=
1

n+ 1
Sijk{(n + 1)(α1hij + α2mimj)mk + q0mimjCk

+(s0pq0mimj + eσp2s0hij)Ckββ},

α1 :=
eσp−1

2
−

eσpλ

n+ 1
, α2 :=

p02
6

−
q0λ

n + 1
.

Consequently, we have

Theorem 2.11. Under a generalized β-conformal change, the following assertions

(a) the space (M,L) is C-reducible,

(b) the space (M,L) is C-reducible

are equivalent if and only if the tensor dijk vanishes.

Corollary 2.12. If L = eσL + β, L being Finslerian, then the tensor dijk vanishes.
Consequently, (M,L) is C-reducible if and only if (M,L) is C-reducible.

9



Lemma 2.13. Under a generalized β-conformal change L = f(eσL, β), with L Rie-
mannian, the tensor dijk takes the form

dijk = Sijk{α1hijmk + α2mimjmk}.

Theorem 2.14. Under a generalized β-conformal change L = f(eσL, β), with L
Riemannian, the following assertions are equivalent:

(a) α1 = 0 and α2 = 0,

(b) (M,L) is C-reducible,

(c) (M,L) is either of Randers type or of Kropina type.

Proof.
(a) ⇒(b): It is obvious.
(b) ⇒(a): Let the space (M,L) be C-reducible, then, by Lemma 2.13, we have:

dijk = Sijk{α1hijmk + α2mimjmk} = 0. (2.5)

Contracting (2.5) by gij, we get

(n + 1)α1 + 3m2α2 = 0, (2.6)

and contracting the same equation by bibj , we get

α1 +m2α2 = 0. (2.7)

The last two relations lead to (n − 2)α1 = 0. Since n > 2, then α1 = 0 and conse-
quently α2 = 0, by (2.7).
(a) ⇒(c): If α1 = α2 = 0, we have (n+ 1)p−1 = 2pλ and (n+ 1)p02 = 6q0λ. Solving
the last two equations for λ, we get

3q0p−1 = pp02.

From which we obtain the patrial differential equation

3f12f22
f1

− f222 = 0.

Now, if f22 = 0, by integration with respect to β and taking the homogeneity of f
into account, we get f2 = ϕ1(L̃), where ϕ1(L̃) is a homogenous function of degree 0

in L̃. Hence, by integrating f2 with respect to β, we get

L = ϕ1(L̃)β + ϕ2(L̃),

where ϕ2(L̃) is a homogenous function of degree 1 in L̃. By the homogeneity properties

of ϕ1(L̃) and ϕ2(L̃), using Euler theorem, we conclude that ϕ1(L̃) = c1 and ϕ2(L̃) =
c2, where c1 and c2 are constants. Consequently,

L = c2L̃+ c1β.
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On the other hand, if f22 6= 0, we have

3f12
f1

−
f222
f22

= 0,

which, by integration with respect to β, gives

3 ln f1 − ln f22 = lnϕ3(L̃) ⇒
f 3
1

f22
= ϕ3(L̃) = c3L̃,

where ϕ3(L̃) is a homogenous function of degree 1 in L̃ and c3 is nonzero constant.

Using L̃f11 + βf12 = 0 and L̃f21 + βf22 = 0, we have

f11
f 3
1

=
c3β

2

L̃3
,

from which f1 =
L̃√

c3β2 + c4L̃2

. If c4 6= 0, then

f =
1

c4

√
c3β2 + c4L̃2 + c5β,

and if c4 = 0, then

f =
L̃2 + β2

c3β
.

The former may be regarded as of Randers type and the later as of Kropina type.
(c) ⇒(a): The result follows directly by computing α1 and α2 for Randers and
Kropina spaces.

It should be noted that Matsumoto [9] showed that C-reducible Finsler spaces
with (α, β)-metric are either of Randers type or of Kropina type.

Definition 2.15. A Finsler space (M,L) of dimension n ≥ 2 is said to be C2-like if
the Cartan tensor Cijk satisfies

C2Cijk = CiCjCk. (2.8)

Let us define the tensor

ηijk = C2Cijk − CiCjCk.

It is clear that ηijk is symmetric and indicatory. Moreover, ηijk vanishes if and
only if the Finsler space is C2-like space.

Proposition 2.16. Under a generalized β-conformal change, the tensor ηijk associ-

ated with the space (M,L) has the form

ηijk = ηijk + Iijk,
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where

Iijk := (e−σ/p)C2Vijk + Φ(eσpCijk + Vijk)− λ3mimjmk

−λ2(mjmkCi +mimjCk +mimkCj)− λ(mkCiCj +mjCkCi +miCjCk)

−eσps0[Ciββ{e
σps0Ckββ(λmj − Cj − eσps0Cjββ) + eσps0Cjββ(λmk + Ck)

−λ(mkCj +mjCk − λmjmk)− CjCk}+ Ckββ(CiCj − eσps0CiCjββ + λmiCj

+λmjCi + λ2mimj) + λCjββ(λmimk + CiCk +miCk +mkCi − eσps0miCkββ)].

Theorem 2.17. Under a generalized β-conformal change, the following assertions

(a) the space (M,L) is C2-like,

(b) the space (M,L) is C2-like

are equivalent if and only if the tensor Iijk vanishes.

Lemma 2.18. Starting with a Riemannian space (M,L), under a generalized β-
conformal change, the tensor Iijk takes the form:

Iijk = ΦVijk − λ3mimjmk. (2.9)

Theorem 2.19. For a β-conformal change L = eσL + β; L being Finslerian, a
necessary condition for the assertions

(a) the space (M,L) is C2-like,

(b) the space (M,L) is C2-like

to be equivalent is that Cβ = 0.

Proof. In the case of L = eσL+ β; L being Finslerian, Φ = λe−σL(λm2 + 2Cβ)/L,
λ = n+1

2L
and Vijk = eσ

2L
(hijmk + hjkmi + hkimj). Now, let the above assertions be

equivalent, so Iijk = 0. Contracting (2.9) by gjk, we have n+1
2L

Cβ = 0 and the result
follows.

If (M,L) is a Riemannian space and the tensor Iijk vanishes, i.e., (M,L) is C2-like,
we have

λ2 m2

eσp+ q0m2
(eσp−1(hijmk + hjkmi + hkimj) + p02mimjmk)− 2λ3mimjmk = 0,

contracting by bibj and assuming that λ 6= 0, we get

(n− 2)p−1 = 0. (2.10)

Hence, we have

Theorem 2.20. Starting with a Riemannian space (M,L), if the transformed space
(M,L) is C2-like, then one of the following holds:

(a) dimM = 2.

12



(b) The generalized β-conformal change is an energy β-change and the transformed
space is Rimannian.

Corollary 2.21. Let the generalized β-conformal change be of the form L = eσL+β,
with L Riemannian. If (M,L) is C2-like, then dimM = 2.

Corollary 2.22. A Reimannian space of dimension ≥ 3 can not be transformed to a
non-Reimannian C2-like space.

Now, we are going to study two special Finsler spaces whose defining property
depends on the v-curvature tensor Slijk, namely, the S3-like and S4-like Finsler spaces.

Definition 2.23. A Finsler space (Mn, L) with dimension n > 3 is said to be S3-like
if the v-curvature tensor Slijk satisfies

Slijk =
S

(n− 1)(n− 2)
{hikhlj − hijhlk}, (2.11)

where S is the vertical scalar curvature.

Define the following tensor

µlijk = Slijk −
S

(n− 1)(n− 2)
{hikhlj − hijhlk}.

It is clear that the tensor µhijk vanishes if and only if the space is S3-like.

Proposition 2.24. Under a generalized β-conformal change, the tensor µhijk asso-

ciated with the space (M,L) has the form:

µlijk = eσpµlijk + rlijk,

where

rlijk = Ajk{Hlkhij +Hijhlk + ωlkCβij + ωijCβlk −
e2σp2Ω

(n− 1)(n− 2)
hljhik

−
q0

(n− 1)(n− 2)
(S + eσpΩ)(hikmlmj + hljmimk)},

Ω :=
e−σ

p
Ψ− s0Sikb

ibk − s0Ψββ +
2e−σ

p
K(n− 2− eσps0m

2).

Theorem 2.25. Under a generalized β-conformal change, the following assertions

(a) the space (M,L) is S3-like,

(b) the space (M,L) is S3-like

are equivalent if and only if the tensor rlijk vanishes.

Proposition 2.26. For a β-conformal change L = eσL+β, the tensor rlijk takes the
form

rlijk = Cβjkhil +
1

2L
mjmkhil +

m2

4L
hjkhil − Aβhjkhil,

where Aβ = 1
n−1

(
Cβ +

n+1
4L

m2
)
.

13



From the above proposition, we retrieve a result due to Abed [1]:

Corollary 2.27. In the case of a β-conformal change L = eσL + β, the following
assertions

(a) the space (M,L) is S3-like,

(b) the space (M,L) is S3-like

are equivalent if and only if

Crjkb
r +

1

2L
mjmk +

m2

4L
hjk = Aβhjk.

Finally, we study S4-like Finsler spaces under a generalized β-conformal change.

Definition 2.28. A Finsler space (M,L) with dimension n > 4 is said to be S4-like
if the v-curvature tensor Shijk satisfies

Slijk = Ajk{hljMik + hikMlj}, (2.12)

where Mik =
1

(n− 3)

{
Sik −

Shik

2(n− 2)

}
.

Define the tensor

ζlijk = Slijk − Ajk{hljMik + hikMlj}.

It is clear that the tensor ζhijk vanishes if and only if the space is S4-like.

Proposition 2.29. Under a generalized generalized β-conformal change, the tensor
ζhijk associated with the space (M,L) has the form

ζ lijk = eσpζlijk + εlijk,

where

εlijk : = Flijk{ωlkCijsb
s + q0Mlkmimj +

eσp

n− 3
(s0m

2Hlkhij +Khlkhij +Ψlkhij)

−
eσ

n− 3

(
e−σq0S

2(n− 2)
mlmkhij +

Ωp(eσphlk + q0mlmk)

2(n− 2)
hij + e−σq0Khlkmimj

)

+
q0

(n− 3)p

(
Ψlk + (s0pm

2 − (n− 3)e−σ)Hlk −
Ωeσp2

2(n− 2)
hlk

)
mimj},

and
Flijk{XlkYij} := XlkYij +XijYlk −XljYik −XikYlj.

Theorem 2.30. Under a generalized β-conformal change, the following assertions

(a) the space (M,L) is S4-like,

(b) the space (M,L) is S4-like

14



are equivalent if and only if the tensor εhijk vanishes.

In the case of a β-conformal change L = eσL + β, the tensor εhijk vanishes and
we retrieve the the following result of Abed [1].

Corollary 2.31. For a of β-conformal change L = eσL + β, the space (M,L) is
S4-like if and only if the space (M,L) is S4-like.

3. The T-tensor Thijk

The T-tensor is defined by [10]

Thijk = LChij|k + Chijlk + Chiklj + Chjkli + Cijklh,

It should be noted that the T-tensor has a great contribution in geometric properties
of special Finsler spaces. For instance, Hashiguchi [4] has shown that a Landsberg
space remains Landsberg under a conformal transformation, if and only if Thijk = 0.
On the other hand, Matsumoto [12] has obtained interesting results for spaces with
Thijk = 0 and, further, he investigated the three-dimensional Finsler spaces with
vanishing T-tensor.

In this section we compute the T-tensor under a generalized β-conformal change
and consider some interesting special cases.

Theorem 3.1. Under a generalized β-conformal change, the transformed T-tensor
takes the form:

T lijk =
eσpL

L
Tlijk − L(

βeσp−1

2L2
+ 2K3)(hlihjk + hljhik + hlkhij)

+(hliνjk + hljνik + hijνlk + hjkνil + hlkνij + hikνjl)

+(eσpf2 −
1

2
eσLp−1)(Clijmk + Cijkml + Cjlkmi + Clikmj)

−L(MijClkβ +MjlCikβ +MilCjkβ +MlkCijβ +MjkCilβ +MikCjlβ)

+Le2σs0p
2(CijβClkβ + CljβCikβ + CilβCjkβ) +

1

2
L(6K5 + p022)mlmimjmk

−
Lp02
2L

(nijmkml + nlkmjmj) +
1

2
p02(ṅijmkml + ṅlkmimj)

where

νij :=
1

2
eσp−1ṅij − L(K1 +

3eσp2−1

4p
+

βp02
2L2

)mimj −
Leσp−1

2L
nij ,

K5 := e2σs0p
2
−1 −

4eσp−1p02 + p202m
2

4(eσp+ q0m2)
,

ṅij := limj + ljmi.
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Proof. One can show that

∂̇kC lij = eσp∂̇kClij + eσp−1(Clijmk + Cijkml + Cjlkmi + Clikmj)

−
eσp−1

2L
(hlinjk + hljnik + hijnlk + hjknli + hlknij + hiknjl)

−
βeσp−1

2L2
(hlihjk + hljhik + hlkhij)−

βp02
2L2

(hijmkml + hlimjmk + hklmimj

+hjkmlmi + hikmjml + hljmimk) +
1

2
p022mimjmkml

−
p02
2L

(nijmkml + nlkmimj) (3.1)

where nij := limj + ljmi and p022 :=
∂
∂β
p02. Similarly,

CijrC
r

lk = eσpCijrC
r
lk +

1

2
eσp−1(Cljkmi + Cilkmj + Cijkml + Cijlmk)

+K4(Clkβmimj + Cijβmlmk) + (K1 +
1

4p
eσp2−1)(hijmkml + hlkmimj)

+2K3hijhlk +K2(Clkβhij + Cijβhlk)−K5mimjmlmk − e2σp2s0CijβClkβ

+
eσp2−1

4p
(hlimjmk + hjkmhmi + hikmjmh + hjlmimk), (3.2)

Using (3.1) and (3.2), we get

C lij |k = ∂̇kClij − C
m

lk Cmij − C
m

ik Cmlj − C
m

jk Cmli

= eσp Clij|k − (
βeσp−1

2L2
+ 2K3)(hlihjk + hljhik + hlkhij) + 3K5mimjmkml

+
1

2
eσp−1(Cljkmi + Cilkmj + Cijkml + Cijlmk)−

p02
2L

(nijmkml + nlkmjmj)

−
eσp−1

2L
(hlinjk + hljnik + hijnlk + hjknlk + hijnlk + hiknjl)

−(K1 +
3eσp2−1

4p
+

βp02
2L2

)(hijmlmk + hlkmimj + hlimjmk + hjkmlmi

+hikmjml + hjlmimk)− (MijClkβ +MjlClikβ +MilCjkβ +MlkCijβ

+MjkCilβ +MikCjlβ) + e2σs0p
2(CijβClkβ + CljβCikβ + CilβCjkβ), (3.3)

where Mij := K2hij +K4mimj .
The result follows from (3.3), Proposition 1.3 and the definition of the transformed

T-tensor
T hijk = LChij |k + Chijlk + Chiklj + Chjkli + C ijklh.

The transformed T-tensor for some important special Finsler spaces can be de-
duced from the above result.

Corollary 3.2. Under a Kropina change, L = L2/β; L being Reimannian, the trans-
formed T-tensor takes the form:

T lijk =
2L

L2b2
(hlihjk + hljhik + hlkhij) +

2L
2

βL2b2
(hlimjmk + hljmimk + hijmlmk

+hjkmiml + hlkmimj + hikmjml) +
6L

3

β2L2b2
mlmimjmk. (3.4)
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It is to be noted that the above result is also obtained by Shibata [18].

Corollary 3.3. Under a conformal change L = eσL, the transformed T-tensor takes
the form

T lijk = e3σTlijk

Corollary 3.4. Under a Randers change L = L + β, L being Riemannian, the T-
tensor takes the form:

T lijk = −
Θ1

4L3
(hlihjk + hljhik + hlkhij),

where Θ1 := L2b2 + β2 + 2Lβ.

The above case has been studied by Matsumoto [11].

Corollary 3.5. Under a β-conformal change L = eσL + β; L being Finslerian, the
transformed T-tensor takes the form:

T lijk =
eσL

2

L2
Tlijk −

eσΘ

4L3
(hlihjk + hljhik + hlkhij)

+
eσL

2L
(Clijmk + Cijkml + Cjlkmi + Clikmj)

−
eσL

2L
(hijClkβ + hjlCikβ + hilCjkβ + hlkCijβ + hjkCilβ + hikCjlβ),

where Θ := L2b2 + β2 + 2eσLβ.

Corollary 3.6. Under a β-conformal change, a necessary condition for the vanishing
of the transformed T-tensor is that

T =
(n2 − 1)Θ

4LL
2 +

(n− 1)L

L
Cβ,

where T = gljgikTlijk.

4. The b-condition

In this section we introduce and investigate what we call the b-condition. We
study the effect of subjecting some special Finsler spaces to this condition. In the
following we assume that we are given a generalized β-conformal change L = f(eσL, β)
with β = biy

i = biyi.
A Finsler manifold (M,L) is said to satisfy the b-condition if

biCijk = 0.

Theorem 4.1. For n > 2, the following two assertions are equivalent:

(a) The b-condition is invariant under a generalized β-conformal change.
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(b) The generalized β-conformal change is an energy β-change.

Proof.
(a) ⇒(b): Let biCijk = 0. Then, biC ijk = 0 and we have, by Proposition 1.3,

eσp−1(m
2hjk + 2mjmk) + p02m

2mjmk = 0.

Contracting by bj , we get 3eσp−1 = −m2p02. Hence,

eσp−1(m
2hjk −mjmk) = 0,

contracting again by gjk, we get

(n− 2)p−1 = 0.

Since n > 2, then p−1 = 0 and hence the result follows from Theorem 2.1.
(b) ⇒(a): Let the generalized β-conformal change be an energy β-change. Then, by
Theorem 2.1, we obtain C ijk = eσpCijk. Hence the result.

Theorem 4.2. Under a generalized Randers change, if (M,L) satisfies the b-condition,
the generalized Randers space (M,L) can not satisfy the b-condition.

Proof. Let (M,L) satisfy the b-condition biCijk = 0. If (M,L) satisfies the b-
condition, then biC ijk = 0, and consequently,

1

2L
bi(2LCijk + hijmk + hjkmi + hikmj) = 0,

or
L

2L
2 (m

2hjk + 2mjmk) = 0,

which, by contraction by gjk, yields a contradiction: n = −1.

Theorem 4.3. Consider the generalized β-change (1.1). In each of the following
cases

(a) two-dimensional Finsler space,

(b) three-dimensional Finsler space satisfying the condition L(x,−y) = L(x, y),

(c) quasi-C-reducible space with bibjQij 6= 0,

(d) C-reducible space,

(e) The transformed space (M,L) with L Riemannian,

if the given Finsler space (M,L) satisfies the b-condition, then it is Riemannian.

Proof.
The proof of (a) and (b) runs on in a similar manner as given in [15] for a concurrent
vector fields.
(c) Contracting (2.2) by bibj , we get

bibjQijCk = 0.
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Hence, Ck = 0 for bibjQij 6= 0.
(d) Contracting (2.4) by bibj , we get

m2Ck = 0.

Consequently, Ck = 0.
(e) Let (M,L) be a Finsler space with (α, β)-metric, then

C ijk =
eσp−1

2
(hijmk + hjkmi + hkimj) +

p02
2
mimjmk.

The condition that biC ijk = 0 leads to

eσp−1(m
2hjk + 2mjmk) + p02m

2mjmk = 0.

Contracting by bj , we get 3eσp−1 = −m2p02. Hence,

eσp−1(m
2hjk −mjmk) = 0,

which, by contracting by gjk, yields

(n− 2)p−1 = 0.

Thus, if n = 2, the result follows by (a) and if p−1 = 0, then p02 = 0 and hence
C ijk = 0.

Theorem 4.4. A semi-C-reducible Finsler space satisfying the b-condition is either
Riemannian or C2-like.

Proof. Contracting (2.3) by bjbk, we have rm2Ci = 0. Since m2 6= 0, then either
r = 0, which implies that the space is C2-like, or Ci = 0, which implies that the space
is Riemannian.

Theorem 4.5. If an S3-like Finsler space (M,L) satisfies the b-condition, then its
vertical curvature tensor Shijk vanishes.

Proof. Contracting (2.11) by bl, we get

S(hikmj − hijmk) = 0. (4.1)

Again, contracting (4.1) by gij, we have (n − 2)Smk = 0. As n > 4 and mk 6= 0, it
follows that S = 0 and consequently, Slijk = 0.

Lemma 4.6. If a Finsler space satisfies the b-condition, then we have bi|h = 0 and,
consequently,

Cijh|kb
h = Cijk|hb

h = 0.

Proof. From the definition of vertical covariant derivative of Cartan connection, we
have

bi|h = ∂̇hb
i + bmC i

mh = ∂̇h(bjg
ij) = (∂̇hbj)g

ij + bj ∂̇hg
ij = 0

and hence Cijk|hb
h = Cijh|kb

h = (Cijhb
h)|k = 0.
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It is well-known that if (M,L) is Riemannian, then the T-tensor vanishes. But
the converse is not true in general. The next result shows that the converse is true
in the case where (M,L) satisfies the b-condition.

Theorem 4.7. A Finsler space satisfying the b-condition is Riemannian if and only
if the T-tensor Thijk vanishes.

Proof. It is clear that if the space is Riemannian then the T-tensor vanishes. On the
other hand, if the T-tensor vanishes, then

LChij|k + Chijlk + Chiklj + Chjkli + Cijklh = 0.

Contracting by bi, using Lemma 4.6, we have β

L
Chjk = 0. Hence Chjk = 0.

Let us write
Tij := Tijhkg

hk = LCi|j + liCj + ljCi. (4.2)

By contracting (4.2) by bi, making use of Lemma 4.8, we have

Tijb
i = (β/L)Cj.

Hence, we have

Corollary 4.8. A Finsler space satisfying the b-condition is Riemannian if and only
if the tensor Tij vanishes.

5. Projective change and generalized β-conformal
change

In this section we will be guided by Matsomoto [13] and Shibata [18]. For two
Finsler spaces (M,L) and (M,L) with the same underlying manifold M , if every
geodesic on of (M,L) is also a geodesic of (M,L) and vice versa, the change L −→ L
of Finsler metrics is said to be projective. A geodesic on (M,L) is characterized by

dyi

dt
+ 2Gi = wyi,

dxi

dt
= yi,

where w = (d2s/dt2)/(ds/dt)2 and Gi(x, y) = 1
2
γi
jky

jyk is the canonical spray of
(M,L). We are going to find out a condition for a generalized β-conformal change to
be projective.

Consider the left hand side of Euler-Lagrange equations

Ei := ∂iL−
d

dt
(∂̇iL) (5.1)

Proposition 5.1. Under a generalized β-conformal change L = f(eσL, β), the func-
tions (5.1) are transformed according to

fE i = LeσpEi + Lq0mim
rEr + ϕi, (5.2)

where
ϕi := L2eσp σi − (pLeσli − q0β mi)σ0 + 2qF0i − q0E00mi, (5.3)

σi := ∂iσ, Fij :=
1

2
(bi|j − bj|i), Eij :=

1

2
(bi|j + bj|i),

σ0 = σiy
i, F0i = Fliy

l, E00 = Eijy
iyj.
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Proof. Making use of the homogeneity of f , Ei can be computed as follows.

Ei = ∂if −
d

dt
(∂̇if)

= f1(σie
σL+ eσ∂iL) + f2(N

r
i br + bj|i y

j)−
d

dt
(eσf1li + f2bi)

= f1σie
σL+ f1e

σ∂iL+ f2N
r
i br + f2bj|i y

j − f1lie
σσry

r − f1e
σ d li
dt

− eσli
d f1
dt

−bi
d f2
dt

− f2(bi|j y
j +N r

i br)

= f1e
σEi + f1Lσie

σ − f1σ0e
σli + 2f2F0i −

d f2
dt

mi. (5.4)

Using the relation
d yr
dt

= ys∂syr + grs
d ys

dt
, the last term

d f2
dt

of (5.4) is given by

d f2
dt

= f21
d L̃

dt
+ f22

d β

dt

= −
βf22
eσL

(eσyr∂rL+ eσlr
d yr

dt
+ L

d eσ

dt
) + f22(E00 +N r

s bry
s + br

d yr

dt
)

= f22E00 − Lf22mim
rEr − βf22σ0. (5.5)

Now, substituting (5.5) into (5.4), we get
fEi = LeσpEi + q0Lmim

rEr + L2eσp σi − (pLeσli − q0β mi)σ0 + 2qF0i − q0E00mi

= Lp eσEi + q0Lmim
rEr + ϕi.

Theorem 5.2. A generalized β-conformal change is projective if and only if the vector
ϕi vanishes.

Proof. Let the generalized β-conformal change be projective. Then, Ei = 0 is equiv-
alent to E i = 0 and consequently, ϕi = 0 by (5.2).

Conversely, if ϕi = 0, then (5.2) shows that Ei = 0 implies E i = 0. On the other
hand, if E i = 0 and ϕi = 0, then eσpEi+q0mim

rEr = 0. Contracting the last equation
by mi, taking into account that eσp + m2q0 6= 0, we get Erm

r = 0. Consequently,
Ei = 0.

From the above theorem, we retrieve the following two results due to Shibata [19]
and Hashiguchi and Ichijo [5] respectively.

Corollary 5.3. A β-change is projective if and only if 2qF0i = q0E00mi.

Corollary 5.4. A Randers change is projective if and only if F0i = 0, that is, bi is
gradient.

The following two results are a generalized version of Shibata’s result [19] and
Matsumoto’s result [13].

Theorem 5.5. Assume that the generalized β-conformal change (1.1) is projective

and L is Minkowskian, then the Weyl torsion W
h

ij and the Douglas tensor D
h

ijk of

(M,L) vanish. Consequently, (M,L) with dim M > 2 is projectively flat.
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Proof. The Weyl torsion tensor is given by [13]:

W h
ij =

◦

Rh
ij +

1

n+ 1
A(i,j){y

h
◦

Rij + δhi
◦

Rj},

where
◦

Rij =
◦

Rh
ijh,

◦

Rj =
1

n+1
(n

◦

R0j +
◦

Rj0) and
◦

Rh
ijk is the h-curvature of the Berwald

connection. Since (M,L) is Minkowskian, then
◦

Rh
ijk = 0, and so

◦

Rij =
◦

Ri = 0.
Consequently, W h

ij = 0. By the invariance of W h
ij under a projective change, we have

W
h

ij = 0.
The Douglas tensor is given by [13]:

Dh
ijk =

◦

P h
ijk +

1

n+ 1
(yh

◦

P ij

◦

|k +S(i,j,k){δ
h
i

◦

P jk}),

where
◦

P ij =
◦

P h
ijh,

◦

P h
ijk is the hv-curvature of the Berwald connection and

◦

| denotes
the vertical covariant derivative with respect to the Berwald connection Gh

ij . Since

(M,L) is Minkowskian, then
◦

P h
ijk = 0, and so

◦

P ij = 0. Consequently, Dh
ijk = 0. By

the invariance of Dh
ijk under a projective change, we have D

h

ijk = 0.

Finally, as W h
ij = 0, Dh

ijk = 0 and dim M > 2, (M,L) is thus projectively flat
[13].

Theorem 5.6. Assume that the generalized β-conformal change is projective and L

is Riemannian, then the projective hv-curvature tensor D
h

ijk of (M,L) vanishes.

Proof. Since (M,L) is Riemannian, then
◦

P h
ijk = 0, and

◦

P ij = 0. Consequently,

Dh
ijk = 0. By the invariance of Dh

ijk under a projective change, we have D
h

ijk = 0.

Theorem 5.7. If ϕi = 0, then (M,L) is of scalar curvature if and only if (M,L) is
of scalar curvature.

Proof. According to Szabó [21], a Finsler space is of scalar curvature if and only if
W h

ij = 0 vanishes identically. Let ϕi = 0, then by Theorem 5.2 the generalized β-
conformal change is projective. Now, let (M,L) be of scalar curvature, then W h

ij = 0.

But W
h

ij = W h
ij , hence, W

h

ij = 0. Consequently, (M,L) is of scalar curvature. Con-

versely, let (M,L) be of scalar curvature, then W
h

ij = 0 which leads to W h
ij = 0, hence,

(M,L) is of scalar curvature.

In the Riemannian case the term “of scalar curvature” reduces to the term “of
constant curvature”. Thus , we generalize Yasuda and Shimada’s result [24].

Corollary 5.8. Under a generalized β-conformal change, if ϕi = 0 and (M,L) is
Riemannian, then the Finsler space (M,L) is of scalar curvature if and only if (M,L)
is of constant curvature.
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